Resolucdes da Lista de 0 de MAT2455 — Calculo I1I para Engenharia 2015 — POLI-USP
Erros na lista e sugestoes: estudospoli@gmail.com

1. fx7+—xzz+1dx:f x5dx+_rdx+f %dx:%6+x—%+k
X X

2x

2. f e’*dx = f %“du: e2

+k (com u=2x=>dx=%)

du

3. J«COS(7X)dXZJ'%(u)du (com 7x=u= dx=7): sen(7x)

7

+k

4.1 f tg2xdx=f (seczx—l)dx=f seczxdx—f dx=tgx—x+k

4.2 [ tg’xdx=| senx(secx)'dx=senx secx— [ cosx secx dx=tgx— x+k

5. x—2=u=>dx=du _f dx= f du=7In|x—2|+k

x—2

4
6.1 thZUﬁdX: dl; J‘tg?’x SeCZXdX:J‘ u3du:lg—x+k
sec’x 4
3
1 cos’ x u— —du
6.2 | tg®x sec’xdx= sen_x senx dx du com cosx=u= dx= =
Jt J X =J g f ( —u)

I N

4 2
4cos x 2cos x

sen’x 1 u? 32_ 112 2c0s”?x 12 —— [ cos’x
7. dx —d du=5=2"2_2cos"*x+k=2+/cosx —1|+k
f \/cosx f \/ﬂ f ) 5 5

8. u=cosx=du=—senxdx: f tgxdx=f ZZZX dx=—f ldu=—ln|cosx|+k
X u

9.1 ftg3xdx:f(1+tgzx—1)tgxdx:f(sec2x—1)tgxdx:ftgx(tgx)'dx—ftgxdx 5 +1n|cosx|+k

2 2
9.2 ftg3xdx=f (1—cos ;()senx dx=f u 31 du=In|cosx|+ ;
COoS™ X u 2C0S” x

+k

Nao importa muito se a resposta deu diferente do gabarito, observe que:
sec’ x—1 _ tgzx

In|cosx| + - 1o In|cosx|+ +1n|cosx|

2C0s"x
Ou seja, as respostas s6 diferem por uma constante.

2
X dx=lf ldu:1n|l+xz| e n(d+x

10. u=1+x’=>du=2xdx:
2 2
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2
11. u=x"=du=2xdx: f X 4dx=lf 1 ~du= arctg(x )+k
1+x 2 1 2

2

12fxdxf(

dx =x—arctgx+k
1+x°

1+x

1 2\3
13. u=1-x*=du=-2xdx fxvl—xzdx:— ffd MH{

1+u
1—u

+k=

2 2

14.1 J‘SQCXdX f cosx dx J«&dx:f 1 du:lf L.FL du:lln
cos’ x 1—sen”x 1—u 2 1-u 1+u

1—senx

=—1 (1 )+k (porqué ?) zzln(m)+k

14.2 f secxdx= f SeCijii)i;gX) dx= f % du (com u=secx+tgx)=In|secx+tgx|+k

b lln(1+senx):ln(\/(1+senx)(1+senx)):ln(\/M)zln

2 | 1—senx (1—senx)(1+senx) cos’x

1+senx
COSX

=In|secx+tgx] .

15. (u=1+1nx):«f dx = f\/_du 2vV1+Inx+k

\/1+lnx
/ 3 6
16. (u=x"—1)= [ ¥*Vx*+1dx= f—d —%w
17. f24X—+8dx:f22X—+4dx:fldu:1n|xz+4x+10|+k (x2+4x+10=(x+2)2+6>0)=
2x +8x+20 X +4x+10 u
=In(x’+4x+10)+k

\/ﬁ V(lnx)
| Y™ dx= [ Vudu=2--""~ T

18. u=Inx=dx=xdu k

dx
\/1 ' (arcsenx) V1-x*

19. (u=arcsenx e (arcsenx)'= :fldu:1n|arcsenx|+k
u

20. (1+e"=u=du=e"dx) f

e” 1 X
dx=| —du=In(1+e")+k
Lo X fu u=In(1+e")

21. (1+cos’x=u= du=—2senxcosxdx=—sen2 xdx) [ sen2x

dxz—f 1du=—ln(1+coszx)+k
1+cos™x u

3

22. (u=x’=>du=3x"dx) fe X dx= fg u:%+k



23. u=1l+e*=du=e"dx f e*V1+e" dx=f$udu=%\3/(1+ex)4+k

sen\/;

Vx

24. Jx=u=dx=2xdu f dx=2fsenudu:—2c05\/;+k

arctgx

25. u=arctgx=du(1+x*)=dx _f > dx= _fe du=e”“*+k

1+x°
26. [2x(x+1)"dx=2[ (x+1—1)(x+1)"dx=2 [ (x+1*" dx—2 [ (x+1)"*dx=

( +1)2008 5 (x+ 1)2007
1004 2007

+k

27. f xsenxdx:_f x(—cosx)’ dx:—xcosx+f cosx dx=senx — xcosx +k

28. f e*cosx dx :f (€)' cosxdx = excosx+f e"senx dx =e*cosx +e" senx—f e” cosx dx

e"(cosx+senx)
2

+k

2 f e“cosxdx =e"cosx+e” senx= f e*cosxdx =

Atencdo nesse exercicio (r é um parametro):

2
29. Se r=—1: fm%dx:f(lnx)'lnxdx (Inx )’ flnx Inx)' x=>f—d _ (Inx) +k

2
r+l1 r+1 r+1
[ ur _ X, _x" _ X
Se r#—1: fx Inx dx ‘[(r+1> Inx dx 1 r+llnx (r+1)2+k
30. f(lnx 2dx—f( )" (Inx )’ dx=x(Inx)’ 2flnxdx x(Inx ) f )" Inx dx =
=x(Inx)*—2(xInx — fdx x(Inx =2 (xInx — x)+k
31. fxe_XdXZ—xe_X+fe_xdx:—xe_x—e_x+k
X’ 1 ?
32. Como fl+x f(l— 1+X2)dx:x—arctgx+k,fxarctgxdx=3arctgx—§f 1+X2dx:
2
:X—arctgx+m—5+k
2 2

33. 1-x"=u=du=—2xdx farcsenxdx:xarcsenx—f X dx=xarcsenx+lf—du—
\/1—)(2 2 \/7
=xarcsenx +V1—x+k

34. f sec’x dx= _f sec’ x secx dx :J" (tgx)' secx dx= secxtgx — f secxtg’ xdx =
=secx tgx— f secx(sec’x —1)dx=secx tgx— f sec’x dx +f secxdx =
secx tgx +In|secx+tgx|

5 +k

_[ sec’x dx= secxtgx+ln|secx+tgx|+k—fsec3x dx:>f sec’x dx=



Por identidades trigonométricas:

35.1 fcoszxd :%J'(Zcoszx—l+1)dx:%f (cos2x+1)dx= sen2x X k=

1
4 2772

(x+senxcosx )+k

Por partes:
2 2
f cos xdx= senxcosx+f sen” x dx

35.2
f coszxdxzx—j sen’ xdx

= coszxdx:% (x+senxcosx)+k

36. senx=u= du=cosx dx fsen2xc1053xdx=fsen2x(1—sen2x)cosxdx=fuz(l—uz)du=
oo sen’x sen’x
== = +k= —

3 5 3 5

+k

2 2 1 2,1 2 __ 1 _
37. fsen XCOS xdx—Zf(sen2x) dx——gj(l—Zsen 2x—1)dx———§f(cos4x—1)dx—

_ sendx x
=— —+k
32 8

38.1 f 1= senx dx:f secxdx—ftgxdx:ln|secx+tgx|+ln|cosx|+k:ln|1+senx|+k:ln(1+senx)+k

COSX

2

38.2 fl—senxd :fﬂ x= [ O dx=fldu=1n(1+senx)+k

CoSX cosx (1+senx) 1+senx u

39. Se vocé ndo lembra muito bem sobre fragoes parciais ndo tem problema, apenas leia os
exemplos do Guidorizzi (vol.1).

3x°+4x+5 __ A B _C _ 6 22 25
= + + = + —

(x—=1)(x=2)(x=3) x—1 x—2 x-3 x—1 x-3 x-2
pois:

3X°+4x+5=A(x—2)(x—3)+B(x—1)(x=3)+C(x—1)(x—2)=f(x)

x=1=12=2A<=A=6

x=2=B=-25

x=3=>C=22
e ndo ha problema nenhum em ter testado esses valores. f(x) possui os pontos que faltam na funcao
original para a torna-la continua.

dx=6In|x—1|—25In|x—2|+221n|x—3|+k

3x*+4x+5
f (x—1)(x—2)(x—3)

40. f;dlef;dxzif;dxzﬁf 1 duzﬁarctg(ﬂ

2x°+8x+20 27 X’+4 x+4+6 12 (x+22 12



41. Como:

2
3x"+4x+5 _ 25 22 12 oo

(x=1)(x=2) x=2 x=1 (x—1)

Md =251n|x—2|—221n|x— 1|+—+k
(x—1)(x—2) -1
42. Como:
X Hx+1_ 8x°+x+1  _ o 1[ 35  61x+64 .
3 =X+ > =X"+— +— Entao:
x’—8 (x=2)(x*+2x+4) 12\ x=2 x+2x+4
5 3
J"X ‘:X'l‘]_dX:J' X2+i 35 + 62]_X+64 dX:X—+—1 | _2| 1 61x+64 dx
x—8 12\ x—=2 x"+2x+4 3 12 X+2x+4
Como:
61x+64 _ 61(x+1) 3 ¢ fazendo x+1=u:
X*+2 x+4 (x+1) +3 (x+1)+
61 x+64 3 61 u
—————dx —_— )du===In (u’+3)++3arctg(—)+k=
f X+2x+4 f u’+3 u2+3 2 V3
61

:71n(x +2x+4)++v3arctg( +k e finalmente:

\/*>

X+x+1
3 dx ___+_ n|x—
x"—8 3 12

|+—1n(x +2 x+4)+§arctg(%l)+k

+k

43. x=senu, —%<u<E f%dx=fsenzudu:%f(1—cos2u)du:—u_senucosu

2 ]__X 2
_arcsenx—x\1—x’
2

+k

44. x=senu, —%<u<g fx2\/1—x2dx=fsenzucoszuduzlfsen22udu=%f(1—cos4u)du=

zg_sen4u+k:u—senucosu(1—25en2u)
8 32 8

+k—8(arcsenx+(2x —1)V1-x%)+k

45. Jx=u, duzszx fe‘&dx=2fue“du:2ue”—2fe”du:2e2(u—1)+k:2e¢;(\/;—1)+k
X

46. x=tqu, dx=dusec’u fln(x+\/1+x2)dx:fseczuln(secu+tgu)du=
=tguln(secu+tgu)—fsecutgudu=tguln(secu+tgu)—secu+k=xln(x+\/1+x2)—\/1+x2+k



dx 1 dx 1 sec’v
47. == = dv= secvdv=In|secv +tgv|+k
Jﬁ\/5—2x+x2 2'[\/1 x—1 'f\/1+u f\/1+tg v 'f I
+
2
L lx—1 x—1V _ x—1 —1) 2
=In o+ 1+ — +k=In =+ 1+ X2 - +k=In(V5—-2x+x"+x—1)+k
_rf2xVx 2xx/x . 2
48. [ xinxdx=[ | ) Inxdx= J" “dx=Sxx|Inx =2 |k

49. f sen(lnx)dxzxsen(lnx)—f M dx=x sen(Inx)—x cos(lnx)—f sen(Inx)dx

fsen(lnx)dx:%(sen(lnx)—cos(lnx))#(

50. x’—4=u = du=2xdx f ZX dleflduzlln|x2—4|+k
X —4 27 u 2

£y 3X+5x+4 _ 3x°+5x+4 _ 3X+5x+4 22X +2%2x+2x3+X —x+2x—2 _
KX +x—3 xX#2x°—x"+3x-2x-3 (x—1)(xX’+2x+3) (x—1)(x*+2x+3)
_2(X°+2x+3)+(x+2)(x— 1)__ 2 x+2 2 1 2x+2 1 1
= 5 + 5 += 5 Logo:
(x—1)(x*+2x+3) X—1 x+2x+3 x—1 2 X+2x+3 2(x+1 "
V2

2
J‘(3x+5x+4)dx:]‘ 2 1 2x+2 I

1
X +x’+x—3 x—1 2 x*+2x+3 2 (x+1 2+1
V2

=21In|x— 1|+ In(x* +2x+3)+£arctg X+
2 2 V2

52. O proximo exercicio é uma equagao parameétrica. Analisemos caso a caso:

Se a=0 :

1 2
§|b|x +k se x=0;
fVaz+b2x2dx=f\/bzxzdx=f|b||x|dx= )

—E|b|x2+k se x<0.

Se a#0 com b=0:

fVa2+b2x2dx=f\/?dx: |a|fdx:|a|x+k
Se a#0 com b#0:

2
I= f\/a +b*x* dx=|d| [ 1+( )dx Fazendo% tgu, —g<u<%, dx:fasecbudu:

2 2 2
IZ%I sec’udu= %(secu tqu +ln|secu+tgu|)+k=§\/ a2+b2x2+% ln(b—X+be)+k

a a



Portanto:

1
5|b|x2+k, se a=0 e x>0;

1
[Va*+b* ¥ dx= —5lblx*+k, se a=0 e x<0;

lalx+k, se a#0 e b=0;

53
X az+b2x2+¢g|ln b—;+\/a+%)+k, se a#0 e b#0.

53. Se a=0 :

In(x)
IbI
In(—

+k se x=0;

x)

+k se x<0.
||

1 B 1 _i L _
f Va*+b* x> dx_f N dx_|b| f | x| dx=

Se a#0 com b=0:

1 1 1 X
dx= —dx= —~ | dx=—=+k
J.\/612+b2x2 * '[\/a2 " |a|f : |a|

Se a#0 com b#0:

bx T asec’udu
I= dx= dx Fazendo—=tqu, — <u<— dx=—"—":
R Ialf/ (x| a T b
a
A A A
fsecudu——1n|secu+tgu|+k—£l bx M*‘—b +k, onded=-=.
b b '\ a a la|”
Portanto:
ln( )+k se a=0 e x=>0;
|b]
_ln( X) +k, se a=0 e x<0;

[a b dax=]

+k se a#0 e b=0;

El

/\

9n (bx \/CI+—b)+k, se a#0 e b#0.
b a a

54. x—1=tgu: f\/x2—2x+2dx:f\/(x—1)2+1dx:fsec3udu=%(secutgu+ln|secu+tgu|)+k

f \/x2—2x+2dx=%((x—1)\/x2—2 x+ 2+ln(\/x2—2x+2+x—1))+k



55. %:senu,_ﬂ ST[ f\/B 2x—x"dx= f\/Z (x+1)dx= 2f\/ (le)dx 4fcos udu=

:Zf(c052u+1)du:2senucosu+2u+k:(%1)m+2arcsen(xz1)+k

I\.J

56. I= f dx=lf \/1_X 1 dx—larcsenx+ f\/l X dx
1+X \/1 x 2 1+x° \/1 x> 14X
x=senu, dx=cosudu I:%arcsenx+lfl_sﬂ duzf;du

1
du==arcsenx —— + 5
l+sen’u

2
1+sen’u 1+sen’u
Observe que teria sido mais rapido substituir X por sen(u) no 1n1c1o Falha minha.

COSS€C u COSSGC u
=] o du=[ 2

Multiplicando por cossec’ u du y=cotg(u), dy=—cossec’(u)du:

1+cossec’ u 2+c0tg u
2 2
=[-——— L dy= 1f 2arctg(l)+k.Comoy:L:\/1_Senuz\/l_x:
y2+ ( 1 V2 tgu senu X
+
V2
Y 2
I;dx=—£arctg 1=x +k
(1+x*)V1-x* 2 V2 x

3 3
57. u=senx = du=cosx dx fcos3xdx=f(1—u2)du=u—u§+k:senx—sen X+

58. u=cosx =>du=—senx dx fsensxdx:fsen4xsenxdx:f(l—coszx)zsenxdx:—f(uz—l)zdu:

s 2_u_u_5+k — cosx +2c053x_cossx+k
3 5 3 5)

3 u

5 2 \2
59. u=senx= du=cosx dx J«gdlef(l_sen x) Cosxd><=f(1 u') d f( ——+u)du—
sen” x sen” x u’

2
1 sen x

2
:—F—Zln|u|+u3+k: +k
u

—2In|senx| — >
2sen” x

3
s x| s x 1 X X of x 1 5 (1+cosx)
. - - = 2 = - - = A 7 =
60 fsen(z)cos(z)dx BI( sen(z)cos(z)) Cos(Z)dx 8fsenx 5 dx

3 2 4 2 4 3
sen’xcosx (1—cos’x)senx sen*x ¢ (1—cos’x)senx sen*x cos’x cosx
+ dx = + dx= + —

+k
16 16 64 16 64 48 16




_ 1 J"sen X +cos’ XdX:f 1 dx+_[ : 1

dx=
3 3
sen’ xcos’ x sen’x cos’x sen’x cos’ x sen’ X cos x

61.1 [

_J' sen’ x+cosé X fsen % X +C0s Xd J' 1 dx+2f 1 dx+ cos;x dx=

sen X Cos X sen X COS X Senx cos x sen X Ccosx sen x

senx COSX COSX
=[ ———dx+3[ dx+2 [ ——dx+ [ ——dx=
cos’ x Sen xcos x sen”x sen” X

senx senx COSX COSX COSX _
_JICOS Xd SJ. d SJ. d 2fsen Xd Jlsel’lX -

+k.

-1 +31n|tgx| —csc’ x— 14
2cos’ X 4sen” x

612f dx J“secxd fsecx)ssecxd J~1+tgx)secxd:
sen’x cos’ x tg’x tg’x tg’x

2
:J- (1+3tg° x+3tg5x+tg ®x)sec’ X e 14 3 32 +31n|tgx|+ X ok
tg’x 4tg"x 2tg x 2

CSC™ X csc” x) csc”x
=] S gl a ocln y p eca'
sen’x cos’ x ctg X ctg x ctg x

:f (1+3ctg’ x+3ctg” x+ctg® x) csc’ x

f (1+ctg2 x)3csczx

61.3 [ dx=

Ctg4 X
4

dx= - +31n|tgx|—%ctg2x— +k.

Ctg3 X 2ctg x

61.4 f;dxzf(

32 senx cosx _ J~ 16sen2 x
(sen’2x)*(1—cos(2x))

- 8[—L1 gy (com u=cos(2x)) =— (1+u) u=
8 e ) =8 i

g tru ol 8w [ 2 V) | —8u [ 1 1)),
= 8f(1_u2)3d Jl((luz)3 ((1u2)))d I((1u2)3 (1+u 1_u))d
__—2 Y O S 1 1 .

o f(( 3( ) u)3)d

- dx=

3 4 4 2
sen’x cos” x 16sen” xcos” x)(2 sen”x)

1+u)’ \1+u 1-u/1-v* (1—

2
e T e e T Fevee

(1-u*)? 2(1+u)® 2(1-u) 2

2 .1 1 —5_1+1)—§f(i+1)du:
(1-u®P 2(1+u)? 2(1—u)* 2\1+u 1-u) 27 \1+u 1-u
3
2

_ 2 I 1 3 3 1ﬂ+k
(1—u?? 2(1+u)? 2(1-u)? 2(1+u) 2(1-u) 1-
Entao:
3 1 dx=—2cossec22x+sec X—écossec x+35ec X— 31n|ctgx|+k
sen’x cos”x 4 4

2
62. [ senxdx=] (PLS(ZX) dX:%J. (1—2cos (2 x)+cos’(2x))dx=

2
:_f(2 4COS 2X +1+C02S(4X) dx:%f(2—4cos(2x)+1+cos(4x))dx=
:l(Bx—Zsen(2x)+Sen(4x))+k:§— sen(2x)+sen(4x)+k
8 4 8 4 32



7 5 3
u u u

63. | sen’xcos’xdx= [ sen’x(1—sen’x)’cosxdx= [ u*(u*~2 u2+1)du=7—2§+§+k=
7 5 3

_sen’x _sen’x _sen’x

= 2 z + 3 +k

2
64. fsenzxcos“xdx:f(1_C052X)(1+C052x

5 5 ) dX:%f(1—C0522X+COSZX—C0532X>dX:

x sen2x 1 2 , .
=3 16 16 (1+cos4 x)dx T (1—sen’2x)cos2 xdx=
3

:i+sen2x_sen4x_sen2x+sen 2x+k:i_sen4x+sen 2X+k
16 16 64 16 48 16 64 48

Na pagina 387 do Vol.1 do Guidorizzi, esta escrito: “Para o calculo de integrais f sen"xdx e

f cos"xdx ,com n=5 ,recomendamos utilizar as férmulas de recorréncia que serdo
estabelecidas no proximo exemplo”.

1 -1 n—1 -2
a) f sen" xdx=—=sen" " xcosx+ f sen" “xdx
n

1 -1 n—1 )
b) f cos"xdx==cos"  senx+ f cos’ “xdx
n n

Usemos entdao a recomendacao do livro para o exercicio 65 da lista:

5
65. f COSG(3X)dX:lf cossudu:llc055usenu+l§f cos4udu=w+if cos*udu=
3 36 36 18 8
5
= £05 usent usenu_'_ilcos usenu+——f cos’ udu —COS u sen SCOS usenu+ilcosusenu+——fdx—
18 18 4 18 4 18 72 24 2 24 2
cos u senu 5cos usenu  Scosusenu Su tk=
18 72 48 48
_c0553xsen3x 5cos’3xsen3x 5cos3xsen3x  5x
= + + +—+k
18 72 48 16

Como na hora das provas nem sempre teremos formulas e formulas disponiveis, Batman sabe
resolver qualquer integral por partes. Tente reduzir a produto de 2 fun¢des em que vocé conheca a
derivada de uma e a integral de outra (e que a integral desta ainda seja produto de senos e cossenos).
Em certos momentos, faca substituicoes 1+cotg?x=cossec?x, 1+tg?x=sec?x e lembre as derivadas de
secx, cossecx, tgx e cotgx. Veja o exercicio a seguir:

2
COS X

cos
. dx =senx
sen’ x sen X sen’ X

2

_ COoSX 6 cosx 1 _ COSX 6 1 Ccos” x _

- 5 +f 6 dx"'f 4 dx= 5. 5 +J‘ ot 4 dx=
sen” x sen’ x sen” x sen’x 5sen’x sen"x sen x

COSX
dx= f COSX

X 1 6 cosx
— ) senx| ————— — |dx =
sen’x sen’x

2
COSX 6 CcoS” X
=—— —+cotgx+ |
sen"x bsen x sen x

dx.




Mas:

cos’ X 0SX X 1 4 cosx COSX 4 cosx
f dx= fcosx dx=senx —; —f senx|———5————— |dx=—— +f cossec’ x+——~ | dx

sen” x sen’x sen” x sen"x sen’x sen” x sen” x

cosx
=— —cotg’ x— —+k

sen” x 3sen” x

Entao:
2

Cos” X COSX 6 COSX

[ =X dx="20 - 2+ cotgx+——o——cotg’ x— —+k

sen x sen"x 5sen x sen” x 3sen” x
67 I;dx:f (1+ctg’ x) dx:_f ;dx+fsec4xdx:2t (2x)+_f sec” x dx

: 2 4 g 4 2 2 g :

sen”xcos” x COoS" X sen”xcos” x
fsec4xdx=f seczxseczxdxztgxseczx—Zftgzxsec2xdx=tgxsec2x—2f (sec’x—1)sec’ xdx =
2 tgx sec’x
=2tgx+tgx sec2x—2_f sec'xdx = f sec4xdx=§tgx+gT+k.
Entdo:
2
1 2 tgx sec” x
> —dx=2tg (2 x)+ S tgx+ L X1k
sen“xcos’ x 3 3

68. x=cos2u, ——<u<E f1/1+;dx——2fsen2u1/1+§§:§if =—2fsen(2u)tg(u)du=

—4f sen udu:—2f (1—cos 2u)du=—2u+sen(2u)+k=—arccos(x )+V1—x*+k=

2 2
=g—arccosx+\/1—x +k=arcsenx+V1—x"+k.

Seguindo a sugestdo:
1

69. u=x°=dx=6u"du _f 6“ du. Efetuando a divisao polinomial:
\/x \/x u’—u’
5 3 2 2 2
3“ 25(“ —u )(g +l;+1) =u +u+1+"17_u2+u+1+L com u#0.
u'—u u—u u’(u—1) u—1

f( \/_dx 20’ +3 U +6u+61n|u—1|+k=2vVx+3Vx+6x+6 In|Vx—1|+k



2
70. zx-;l 2E(x+1) L2_ X2+82 E<x+1) i2_ 21 - 24 2 Entdo:
x*(x°+4) 16 |x° (x°+4) 16 | x° (x*+4) (x°+4)
.f zx-:l 2dx:.f . + 12_ Xz - 12 - f 2 21 2 dx=
x*(x°+4) 16x 16x* 16(x°+4) 16(x™+4) 4(x*+4)" 4(x’+4)
2 arctg ()
_Inf|x] 1 In(x’+4) 27, 1 1 1
16 16x 32 32 g(x’+4) 64 ((X)2 )2
= +1
2
x=2tqu=dx=2sec’udu dx=2 [ cos’udu= [ (1+cos2u)du=u+senucosu+k=
! I nmp el Jit |
X (x/2) x| 2x
=arctg| = |+———+k=arctg| = |+ +k
9(2) 1+(x/2) 9(2) x*+4
Portanto:
2 arCtg(£>
.[ x+1 dX:ln|x|_ 1 In(x"+4) 2 N 1 arcg(x/2) x +k
X (x°+4) 16 16x 32 32 8(x*+4) 64 32(x’+4)

arctgx , _ arctgx 1 _ arctgx 1 X _
O e +f(;—(1+x2))dx—

2
_aretgx - In(1+x°)
X 2

+k

:f(x1+2x 1. f( ) 2x 1 )dx:

\/2x x° \/2x—x2 \/2><—x2

2X—X JZX X
2—2x
+

_ ~ 1 o
_f \/1—(x—1)2 V2x—x2 V1- (x— )2)d

:arcsen(x—l) (x— 1‘/2X X’ Zm—arcsenx 1)+k=

2

2 2
2
:_arcsenz(x 1) (x 1)V22x X (o +k
3 _ 4X=3x+3 _ 2x-1 2 _ 2x-2 2 . 1
'(x2—2x+2)(x+1) X’=2x+2 x+1 x*—2x+2 x+1 (x—1)+1
4x°—3x+3

Entdo: f ( dx=1n(x*—2x+2)+21n|x+1|+arctg(x—1)+k

x2—2x+2)(x+1)



74. Mais uma equagao paramétrica. Ver “Litvinenko e Mordkovich” se interessar o assunto. Apenas
usarei a fatoracdo bdsica que é acostumada ao aluno para resolver, sem se preocupar com buscar
uma solucdo “artistica”.

Vamos primeiro desmanchar para o denominador:

[<x—c>tx—d>r:[cid(xic‘xid)r:<c—1d>2[<x—1c>2+<x—1d>f<c3d>(xic‘xid)]

E claro que essa fatoracdo s6 existe para c#d . Isso nos leva a ter que analisar o caso c=d.

Para c#d:
X)= (x—a)(x=b) _ 1 (x—a)(x—b)+(x—a)(x—b)_ (x—a)(x=b)[ 1 1 \|_
E() [(X—C)(X—d)]z (C—d)Z[ (X—C)2 (x—d)2 2 (C—d) (x—c x—d)]
_ 1 [2+(2c—a—b)x+ab—c2+(2d—a—b)x+ab—d2_ 2 ((c—a—b)x+ab_(d—a—b)x+ab)]
(c—d) (x—c) (x—d) c—d x—c x—d
Observe que:

(2c—a—b)x+ab—c’=(2c—a—b)(x—c)+(c+a)(c+b)
(2d—a—b)x+ab—d’=(2d—a—b)(x—d)+(d+a)(d+b)
(c—a—b)x+ab=(c—a—b)(x—c)+(c—a)(c—b)
(d—a—b)x+ab=(d—a—b)(x—d)+(d—a)(d—b)

Com isso:

1 [2c—a—b+2d—a—b+(c+a)(c+b)+(d+a)(d+b) 2 ((c—a)(c—b) (d—a)(d—b))]

(c—d)| x—c x—d (x—c) (x—=d? c—d\ x-¢  x-d

Integrando E obtemos:
1 —a—b)nlx—cl+(2d—a—b)1n|x— _(c+a)(c+b)_(d+a)(d+b)_ 2 s
| (2e-a-blnbeclv(za-a-blnfy—d LU _LAD] 2 1 o,

A(x)=(c—a)(c=b)In|x—d—(d—a)(d—b)In|x—d|

Se c#d , paratermos somente funcdes racionais queremos que os coeficientes dos logaritmos
sejam 0, isto é:

c— =(a+b)(c+d)=2(ab+cd).

2d—a—b:2w@ac+bc:—ad—bd+z ab+2cd

2c—a—b=2



Agora an(alisen;(()s 0 CSISO em que c=d
x—a)lx—b
Elx)|=m=—F———~
(x) (x—c)*

Pelo teorema da pagina 371 do Guidorizzi Vol.1, temos que existem constantes A, B, C e D tais que:

x—a _ A + B
(x=c) x=¢ (x—cf
x=b C D
= +
(x=c) x=c (x—cf

Multiplicando as duas equag0es, temos que:

AC_, BC+AD _BD
(x=c) (x=c) (x=c)'

E(x)= E integrando E(x):

(x—c) 2(x—c) 3(x—c)
dada é uma composicdo de fungoes racionais, mesmo quando AC=BD=BC+AD=0, pois fun¢ado

racional é toda fungdo quociente % de funcdes polinomiais em que q(x)#0. Logo, temos

=+k Ou seja, sempre que c#d , a integral da fungdo

como resposta:
c=d ou (a+b)(c+d)=2(ab+cd)

Note que os coeficientes buscados que resultaram na primeira rel aparecem logo no inicio, entdao
com uma boa argumentagao textual parte do algebrismo poderia ser poupada caso necessario.

75.
Veja que:
X COSX+ xsenx -1 XCOSX ~
d/dx = > eque d/dx = 5. Entdo:
cosx cos’ x cosx+xsenx | (cosx+xsenx)
x° XCOSX X X
2
f—zdx=f : dx=— +fsec xdx=
(cosx+xsenx) (cosx+xsenx)* cosx cosx (cosx +xsenx)
X Senx— Xcosx
=— +tgx+k="—"—"""1+k
cosx (cosx+xsenx) COSX+ Xsenx

Erratas, sugestoes, auxilio em formatacdes, envio de solugdes ou simplesmente bate-papo:
estudospoli@gmail.com

Resolucao feita por Alfred Pennysworth. Se tiver outra lista com muitos pedidos para resolver,
feedback e interesse, postarei outra resolucao (dentro do possivel). Bom semestre a todos!
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